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Strong deformations induced by a DC electric field in homeotropic flexo-electric nematic layers

Mariola Buczkowska*

Institute of Physics, Technical University of Łódź, Łódź, Poland

(Received 11 May 2010; final version received 29 June 2010)

Elastic deformations of homeotropic nematic liquid crystal layers subjected to a DC electric field were studied
numerically in order to determine their development under increasing voltage. Both signs of the dielectric
anisotropy, �e, and of the sum of flexo-electric coefficients, e11þ e33, were considered, as were also low, moderate
and high ion concentrations. The electrical properties of the layer are described in terms of a weak electrolyte
model. Quasi-blocking electrode contacts and a finite surface anchoring strength were adopted. Director orienta-
tion, the electric potential and the ion concentrations were each calculated as a function of the coordinate normal to
the layer. The director distributions turned out to depend not only on the sign of �e but also on the sign of e11þ e33,
due to the difference in the mobility of anions and cations. The importance of ion content was also confirmed.

Keywords: nematic; flexo-electricity; director deformations; homeotropic layers

1. Introduction

The interactions between nematic liquid crystals and

external electric fields are primarily due to the dielectric

anisotropy of the liquid crystalline medium. The applica-

tionsofnematic liquidcrystals indisplaydevicesarebased

on director field deformations induced by these interac-

tions. The second significant contribution to deforma-

tions is due to the flexo-electric properties of the nematic

crystal [1–4]. Moreover, the ions usually present in liquid
crystalline material have an important influence on the

electric field distribution within the sample and therefore

affect the field-induced deformations [5–8].

The director distributions arising in the case of pure

dielectric deformations are well known, but the distor-

tions induced by flexo-electric torques are less obvious.

Their form is even more difficult to predict in the pre-

sence of an ionic space charge, when the DC electric
field strength becomes highly non-uniform. The high

electric field strength at the electrodes and strong sub-

surface field gradients affect the flexo-electric torque.

The resulting director distribution can adopt a variety

of asymmetric forms, depending on the bias voltage,

ion content, ion mobilities, the type of electrode con-

tacts and the surface anchoring strength. These can be

assessed numerically only by solving a set of suitable
equations. This problem has been confirmed in our

previous papers [9–13], in which the threshold DC

voltage for deformations in flexo-electric nematic ion-

containing crystals was studied numerically for a num-

ber of sets of layer parameters. However, the director

profiles were calculated only for voltages slightly

exceeding the threshold.

The present paper is concerned with a numerical
study of the elastic deformations which occur when

nematic crystals possessing flexo-electric properties

are subjected to an electric field. The main objective

has been to study the development of director distribu-
tions in homeotropic layers under the action of increas-

ing voltage. The properties of the system were

determined by the dielectric anisotropy, �e, and the

sum of the flexo-electric coefficients, e11 þ e33. Both

signs of these quantities were considered. Low, moder-

ate and high ion concentrations were also taken into

account. The electric properties of the layer were

described in terms of a weak electrolyte model. The
mobility of cations was assumed to be one order of

magnitude lower than that of anions. Quasi-blocking

electrode contacts, and finite surface anchoring

strength, were adopted. Computations were performed

using the method used in our earlier studies [9, 10].

The results demonstrate that the director distribu-

tions depend not only on the sign of �e but also on

that of e11 þ e33, due to the difference in mobility of
anions and cations. The importance of ionic content

has also been demonstrated. Some rules concerning

the director distributions in the deformed layers have

been established.

In Section 2 the parameters of the system are set

out. The basic equations and a brief description of the

method applied are given in Section 3. The results of

the calculations are presented in Section 4 and dis-
cussed in Section 5.

2. Geometry and parameters

The material and layer parameters were similar to those

in previous papers [9–13]. A nematic liquid crystal layer

of thickness d ¼ 20 mm was held between two infinite
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plates parallel to the xy plane of the Cartesian coordi-

nate system. The plates, which acted as electrodes, were

positioned at z ¼ �d=2, and a voltage, U, was applied

between them; the lower electrode (z ¼ -d/2) was
earthed. Homeotropic alignment was assumed. The

anchoring strength, W, was identical on both surfaces

and was equal to 2 � 10-5 J m-2. The director n was

parallel to the xz plane, and its orientation was described

by the angle �(z), measured between n and the z-axis.

The model substance was characterised by the elastic

constants, k11 ¼ 6.2 � 10-12 N and k33 ¼ 8.6 �
10-12 N. Two values of dielectric anisotropy,
�e ¼ -0.7 and 2, were adopted, and the value of

e^ was 5.4. The flexo-electric properties were expressed

as the sum of the flexo-electric coefficients, e11þ e33¼�
40� 10-12 cm-1. The individual values of e11 and e33 are

not relevant within the geometry involved [4].

The transport of the ions under the action of the

electric field was characterised by their mobility and

diffusion coefficients. It was assumed that the mobility
of positive ions was much less than that of negative

ions [14]. The values used in the calculations corre-

sponded to typical results for mobility measurements

in a variety of liquid crystals and reflected typical

anisotropy of mobility: m||
- ¼ 1.5 � 10-9 m2 V-1 s-1,

m^
-¼ 1� 10-9 m2 V-1 s-1, m||

þ¼ 1.5� 10-10 m2 V-1 s-1,

and m^
þ ¼ 1 � 10-10 m2 V-1 s-1, which means that

m�jj =m
�
? ¼ 1:5 [15]. The Einstein relation was assumed

for the diffusion constants: D�jj;? ¼ kBT=qð Þ m�jj;?,

where q denotes the absolute value of the ionic charge,

kB is the Boltzmann constant and T is the absolute

temperature. A weak electrolyte model [16] was

adopted, in which the ion concentration was deter-

mined by the generation and recombination constants.

The generation constant, b, depended on the electric

field strength |E| according to the Onsager theory [17]:
b ¼ b0 1þ q3 Ej j

�
8pe0�ekB

2T2Þð �
�

, where �e ¼ 2e?ð
þejjÞ

�
3. The value of b corresponding to the absence

of field, b0, was varied between 1018 and 1024 m-3 s-1 to

control the ionic concentration. The recombination

constant, a, was calculated using the Langevin for-

mula [17], a ¼ 2q�m= e0�eð Þ, in which the average mobi-

lity was expressed as �m ¼ ½ð2mþ? þ mþj jÞ=3þ ð2m�? þ m�j jÞ
=3�=2. When �e ¼ -0.7, this was equal to 4.5 �
10-18 m3 s-1, and 3.8 � 10-18 m3 s-1 when �e ¼ 2.

The resulting ionic concentration at thermodynamic

equilibrium, N0 ¼
ffiffiffiffiffiffiffiffiffiffi
b0=a

p
, ranged between 1018 and

1020 m-3. In the following section, ion concentrations

are distinguished in which N0 is 2 �1018 m-3, 1.5

�1019 m-3, and 1 �1020 m-3, referred to as low, mod-

erate and high concentrations, respectively. Quasi-

blocking electrodes were assumed, reflecting the
fact that they are normally covered with insulating

aligning films.

3. Method

The problem was considered to be one-dimensional.

The system was described by the following ten

Equations [9]:

(1) Torque equation for the bulk:

1

2
kb � 1ð Þ sin 2�

d�

d�

� �2

� sin2 �þ kb cos2 �
� � d2�

d�2

þ 1

2

e0�e
k11

sin 2�
dV

d�

� �2

þ 1

2

e11 þ e33

k11
sin 2�

d2V

d�2

 !
¼ 0 (1)

where � ¼ z/d, kb ¼ k33=k11 and V is the electrical
potential;

(2) Two torque equations for the boundaries:

� 1

2

e11 þ e33

k11
sin 2� �1=2ð Þ dV

d�

				



�1=2

� sin2 � �1=2ð Þ þ kb cos2 � �1=2ð Þ
� �d�

d�

				
�1=2

�

� 1

2
� sin 2� �1=2ð Þ ¼ 0 (2)

where � ¼ Wd=k11;

(3) The electrostatic equation,

r �ð Þd2 þ e0 e? þ�e cos2 �
� � d2V

d�2

� e0�e sin 2�
dV

d�

d�

d�
þ e11 þ e33ð Þ cos 2�

d�

d�

� �2

þ 1

2
e11 þ e33ð Þ sin 2�

d2�

d�2
¼ 0 (3)

where r �ð Þ ¼ q Nþð�Þ � N�ð�Þ½ � is the space charge

density determined by the ion concentrations, N�;

(4) Two equations of continuity of anion and cation

fluxes in the bulk

d b� aNþN�ð Þ ¼ dJ�z
d�

; (4)

where J�z ¼ � 1
d

m�zzN
� dV

d� � D�zz
dN�

d�

� 

denotes the

flux of ions of a given sign.

The z-components of the mobility and diffusion coef-
ficients are given by m�zz ¼ m�? þ�m� cos2 �
and D�zz ¼ D�? þ�D� cos2 �, respectively, where

�m� ¼ m�j j � m�? and �D� ¼ D�j j � D�? denote the ani-

sotropies of the two quantities.
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The boundary conditions for the ion concentra-

tions are based on the fact that the flux of ions of a

given sign which approach a chosen electrode

(or move away from it) is equal to the net change in
the number of ions resulting from the generation and

neutralisation processes at the electrode per unit area

and per unit time [9, 18]. The speed of neutralisation of

the ions, n�r , is proportional to their concentration,

n�r ¼ K�r N�, and the speed of generation, n�g , is pro-

portional to the concentration, Nd, of the neutral dis-

sociable molecules, n�g ¼ K�g Nd, where K�r and K�g are

suitable constants of proportionality. In the case of
zero applied voltage, the equilibrium state is realised in

which N� ¼ N0 ¼
ffiffiffiffiffiffiffiffiffiffi
b0=a

p
. In this case, K�r N0¼ K�g Nd.

Since N�<<Nd, the dependence of Nd on z may be

neglected and the flux of the dissociable molecules

ignored. If K�r and Nd are estimated, this enables

determination of K�g . For simplicity, the calculations

were performed using a common value of Kr for all

processes taking place at the electrodes.
The rates of generation and neutralisation of the

ions at the electrodes can be interpreted in terms of a

model in which they are determined by the activation

energies, j, of the corresponding electrochemical reac-

tions. For instance, the rate of neutralisation of a

negative ion occurring by the transfer of an electron

from the ion to the electrode is equal to

Kr¼ kr exp �j=kBTð Þ, where kr is a constant.
(Absolute values of the parameters j and kr are not

essential, and it is only the resulting Kr value which is

important.) A similar formula can be used for the

generation constant of positive ions occurring by the

transfer of an electron from a neutral molecule to the

electrode. (In general, the energy barriers, j, can have

a different height for each electrode process.) The

energy barrier is changed by the electric field at the
electrode; it is increased or decreased by �j ¼ EqL,

where L is the thickness of the sub-electrode region, of

the order of several molecular lengths. In the calcula-

tions, L¼ 10 nm was assumed, whereas Kr¼ 10-7 m s-1

was adopted to ensure quasi-blocking electrodes.

As a result of the assumptions mentioned, the

boundary conditions are described by the following

equations which describe the conditions for ion trans-
fer across the electrode contacts:

�m�zzN
�dV

d�
�D�

dN�

d�
¼½�N�Kr expð��j=kBTÞ

þN0Kr expð��j=kBTÞ�d for �¼�1=2; (5)

�m�zzN
�dV

d�
�D�

dN�

d�
¼½�N�Kr expð��j=:kBTÞ

þN0Kr expð��j=kBTÞ�d; for �¼þ1=2: (6)

The above set of equations was solved numerically.

The nematic layer was divided into M ¼ 858 sub-

layers, described by the discrete variables, �i, Vi, Ni
þ

and Ni
-. The differential equations (1)–(6) were

replaced by difference equations. The Gauss–Seidel

method was applied to the solution of algebraic

equations resulting from Equations (1)–(3). The two

sets of equations obtained from Equations (4)–(6) for

positive and negative ions were described by tri-diag-

onal matrices and were solved using the sweep method

[19]. The computed values of �i, Vi, Ni
þ and Ni

-

approximate to the corresponding functions of the
reduced coordinate, �. The director configurations

(described by the angle, �(�)), the electric potential

distributions V(�) and the ionic concentrations N�ð�Þ
were calculated for various voltages and generation

constants, b0. The results allowed determination of

the threshold voltages, UT, for the deformations.

4. Results

The essential results of computations are represented
by the plots of �(�) dependencies obtained for the

various types of layer under consideration, which dif-

fer in the signs of �e and e11þ e33, as well as in ion

content. For the sake of clarity the development of

deformation in each case is illustrated by director

profiles plotted for two voltages, of relatively low

and high magnitude. The director distributions are

interpreted in terms of torques of dielectric and
flexo-electric nature, which can be recognised from

the distribution of the electric field strength.

4.1 De ¼ -0.7 and e11 þ e33 ¼ 40 � 10-12 cm-1

The deformations occurring in the nematic phase, char-

acterised by negative dielectric anisotropy and a positive

sum of flexo-electric coefficients, are shown in Figure 1.

For low ion concentrations, N0 ¼ 2 � 1018 m-3, and at

low voltages the deformations are almost symmetrical

and occur mainly at the centre of the layer. This is a

consequence of the dominant role of the destabilising

dielectric torques. For high voltages, the deformation is
much stronger and becomes saturated in the middle of

the layer. At the positive electrode the distortion angle

reaches a high value due to the destabilising surface

torque of a flexo-electric nature. At the negative elec-

trode the deformations are virtually insensitive to the

voltage, due to a stabilising surface flexo-electric torque.

The destabilising flexo-electric torque acting in the bulk

gives rise to the asymmetry of the director profile.
For moderate ionic content, N0 ¼ 1.5 � 1019 m-3,

and at low voltages the asymmetry of director distri-

bution is enhanced, which means that the deformation

is stronger in the left half of the layer. This is due to the
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greater field gradient resulting from the larger concen-

tration of ions separated by the bias field. For high

voltages, the deformation is saturated in the left half.

The destabilising influence of surface flexo-electric

torques on the positive electrode is manifested by a

slight increase in deformations close to the boundary.

For high ion concentration, N0¼ 1� 1020 m-3, and

at low voltages the role of dielectric torque is negligi-
ble. The director distribution in the bulk of the layer is

determined by its sub-surface orientations. The elec-

tric field distribution is almost symmetrical and the

regions in which the electric field gradient is effective

have similar thickness. The angle, �, therefore has an

almost linear dependency on the coordinate, z. Rapid

changes of director orientation in the thin sub-surface

layer are due to the concurrence of surface and sub-
surface flexo-electric torques. At high voltages, sub-

surface effects are also evident and are of similar ori-

gin. In addition, the deformation in the bulk is affected

by the dielectric torque.

4.2 De ¼ -0.7 and e11 þ e33 ¼ -40 � 10-12 cm-1

The case of negative dielectric anisotropy and a nega-
tive sum of flexo-electric coefficients is illustrated in

Figure 2. The director distributions are asymmetrical,

even at low ion concentrations, N0¼ 2� 1018 m-3, and

at low voltage. For high voltages, the destabilising

flexo-electric surface torque at the negative electrode,

together with destabilising dielectric torque, leads to

saturation of deformation in the left half of the layer.

In this case, the stabilising surface flexo-electric torque
quenches the distortion at the positive electrode.

For moderate ionic content, N0 ¼ 1.5 � 1019 m-3,

and the form of the director distribution is the same at

all voltages. The deformations are dominated by the

destabilising surface flexo-electric torque acting on the

negative electrode and decays in the vicinity of the

positive electrode due to stabilisation of the surface

flexo-electric torque.

In the case of high ion concentration, N0 ¼ 1 �
1020 m-3, the director distributions are analogous to

those described in the previous section for

e11 þ e33 ¼ 40 � 10-12 cm-1, but they are reversed with

respect to z¼ 0. The deformations are evidently weaker.

4.3 De ¼ 2 and e11 þ e33 ¼ 40 � 10-12 cm-1

In the case of positive dielectric anisotropy the dielec-
tric torque has a stabilising effect. The deformations

occurring when the sum of flexo-electric coefficients is

positive are illustrated in Figure 3.

For low ion concentration, N0 ¼ 2�1018 m-3, the

deformations are limited to a thin region at the posi-

tive electrode, which can be attributed to the destabi-

lising surface flexo-electric torque. The destabilising

bulk flexo-electric torques are in this case over-
whelmed by the dielectric interaction.

In the case of moderate ionic content, N0 ¼ 1.5 �
1019 m-3, the deformations arise in two separate vol-

tage regimes. This means that the deformations are

induced at a low threshold voltage, disappear at a

higher voltage and reappear at an even higher thresh-

old. In the lower voltage regime, the strongest director

distortion appears in the left half of the layer due to the
destabilising effect of the bulk flexo-electric torque

which prevails over the dielectric torque. In the higher

Figure 1. Director orientation angle, �, as a function of the
reduced coordinate for �e ¼ -0.7 and e11 þ e33 ¼ 40 �
10-12 cm-1. Thin lines: low ion concentration, N0 ¼ 2 �
1018 m-3, thick lines: moderate ion concentration, N0 ¼ 1.5
� 1019 m-3, double lines: high ion concentration, N0 ¼ 1 �
1020 m-3. The bias voltages (in V) are indicated on the curves.

Figure 2. Director orientation angle, �, as a function of the
reduced coordinate for �e ¼ -0.7 and e11 þ e33 ¼ -40 �
10-12 cm-1. Thin lines: low ion concentration, N0 ¼ 2 �
1018 m-3, thick lines: moderate ion concentration, N0 ¼ 1.5
� 1019 m-3, double lines: high ion concentration, N0 ¼ 1 �
1020 m-3. The bias voltages (in V) are indicated on the curves.
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voltage regime the dielectric torque dominates the

flexo-electric torque and quenches the deformation.

A further increase in voltage leads to enhancement of

the electric field at � ¼ 1/2, which induces a significant

deformation due to the surface flexo-electric torque.

For high ion content, N0 ¼ 1 � 1020 m-3, and high

voltages, the destabilising bulk flexo-electric torque
leads to a strong deformation in the left half of the

layer. In the right half the deformations are quenched

by the dielectric and flexo-electric torques, but on the

positive electrode the destabilising surface flexo-

electric torque leads to significant distortion. At the

negative electrode, the stabilising influence of the sur-

face flexo-electric torque is evident. In the case of low

voltages the dielectric torques are of less importance.
The form of director distribution in the centre of the

layer is determined by its sub-surface orientations

determined by flexo-electric torques, as in the previous

cases concerning high ion content and low voltages.

4.4 De ¼ 2 and e11 þ e33 ¼ -40 � 10-12 cm-1

The deformations occurring in the nematic phase,
characterised by positive dielectric anisotropy and a

negative sum of flexo-electric coefficients, are illu-

strated in Figure 4. For low ion concentration,

N0 ¼ 2 � 1018 m-3, the director distributions have

almost the same form as those described in Section

4.3, but are reversed with respect to z ¼ 0.

For moderate ionic content, N0 ¼ 1.5 � 1019 m-3,

the deformation is practically limited to the

neighbourhood of the negative electrode at all vol-

tages; this is due to the destabilising surface flexo-

electric torque. The stabilising torques of dielectric

and flexo-electric nature exclude deformation in the

large part of the layer.

For high ion concentrations, N0¼ 1� 1020 m-3, and
low voltages, the director distributions are analogous to

those described in the previous cases, but the deforma-

tions are relatively weak. For high voltages, the destabi-

lising surface flexo-electric torque is dominant at the

negative electrode, and the resulting deformation is simi-

lar to that occurring for moderate ion content.

4.5 De ¼ –0.7 and e11 þ e33 ¼ 0

In the case of non-flexo-electric nematic materials the

deformations are due to dielectric anisotropy

(Figure 5). In the case of low ion content, N0 ¼ 2 �
1018 m-3, the director distributions are symmetrical at

all voltages. The symmetry is slightly disturbed at

moderate ion concentrations, N0 ¼ 1.5 � 1019 m-3,

due to asymmetry of the electric field distribution
caused by a difference in the mobility of anions and

cations. Symmetry is restored at high ion content,

N0 ¼ 1 � 1020 m-3, due to the almost symmetrical

electric field distribution.

5. Discussion

A rich variety of director distributions in distorted

layers has been found. A number of characteristic

Figure 3. Director orientation angle, �, as a function of the
reduced coordinate for �e ¼ 2 and e11 þ e33 ¼ 40 �
10-12 cm-1. Thin lines: low ion concentration, N0 ¼ 2 �
1018 m-3, thick lines: moderate ion concentration, N0 ¼ 1.5
� 1019 m-3, double lines: high ion concentration, N0 ¼ 1 �
1020 m-3. The bias voltages (in V) are indicated on the curves.
The thick line at 3.6 V exemplifies the deformation occurring
in the lower voltage regime.

Figure 4. Director orientation angle, �, as a function of the
reduced coordinate for �e ¼ 2 and e11 þ e33 ¼ -40 �
10-12 cm-1. Thin lines: low ion concentration, N0 ¼ 2 �
1018 m-3, thick lines: moderate ion concentration, N0 ¼ 1.5
� 1019 m-3, double lines: high ion concentration, N0 ¼ 1 �
1020 m-3. The bias voltages (in V) are indicated on the curves.
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examples of director orientations are listed in Figure 6.
Their form depends on the ionic content, in addition

to the sign of the dielectric anisotropy and the sum of

the flexo-electric coefficients. The stabilising or desta-

bilising character of the torques can obviously be

recognised, but their influence depends on their mag-

nitude and the thickness of the region in which they

act. It is therefore impossible in practice to predict the

structure of the deformed layer containing a nematic
liquid crystal using known parameters.

The results show that the difference in mobility of

anions and cations plays a very important role in the

form of director distribution in the distorted layer, an

effect described in an earlier contribution [12]. In the

present case, this role has been confirmed in the case of

strong deformations. The difference in mobility results in

the director profiles being dependent on the sign of
e11 þ e33. This effect is most evident at moderate ion

concentrations and is observed not only in

flexo-electric nematics but also in the absence of flexo-

electricity.

Despite their somewhat complex behaviour, some

general rules can be observed about the director

distributions:

� For positive dielectric anisotropy and low ion con-

tent, relatively high voltages are necessary to

obtain significant deformations, in agreement
with the high value of threshold voltages predicted

by theoretical formulae [4].
� For high ion concentrations and low voltages, a

linear dependence of �(z) is observed for all signs of

�e and e11 þ e33.

� When the electric field distribution is symmetrical,

which is approximately the case when the ion con-

tent is high, the director profiles for e11 þ e33 . 0
are reversed with respect to those when

e11 þ e33 , 0.

In some of the cases considered, the bias voltage

values may exceed the threshold for electro-

hydrodynamic instabilities [20]. In such cases the

results obtained in the present study are not valid.

However, the detailed conditions for these instabil-

ities are difficult to establish.
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the university, modern educational offer and strengthening

Figure 5. Director orientation angle, �, as a function of the
reduced coordinate for the non-flexo-electric nematic phase,
�e¼ 2. Thin lines: low ion concentration, N0¼ 2� 1018 m-3,
thick lines: moderate ion concentration, N0¼ 1.5� 1019 m-3,
double lines: high ion concentration, N0¼ 1� 1020 m-3. The
bias voltages (in V) are indicated on the curves.

Figure 6. Characteristic examples of director orientations
in the deformed states:
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